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Abstract— In that paper, we have to established the belief
of a sequence and about limits of sequences and the idea of
convergence and divergence for a sequence and also it
includes the double sequences and triple sequences. We
will be developing the principles for triple sequences that is
equivalent to the principles of double sequences and single
sequence. Also we have an investigate a basic principles for
triple sequences and also gives detailed proof of them.
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l. INTRODUCTION

In mathematics, a sequence is specified collection of objects in
which repetitions are permitted. Like a set it contains members
(elements or items). The number of elements (may be infinite)
is called the length of the sequences. Unlike a set, the same
elements can appear multiple times at different positions in the
sequence.

Formally a sequence can be defined as a function whose
domain is either the set of natural numbers (for infinite
sequence) or the set of first n natural numbers (i.e., a sequence
of length n). Sequences are useful in a number of
mathematical regulations for studying functions, spaces and
other mathematical structures using the convergence
properties of sequences. In particular, sequences are basis for
the series, which are important to differential equations and
analysis. When a symbol has been chosen for denoting a
sequence, the n" element of the sequence is denoted by a,,,
and this symbol with n as a subscript.

The elements in a sequence are separated by commas and the
length of a sequence is usually denoted by the letter n. The
length of a sequence is equal to the number of terms of a

sequence is defined by its position in the sequences. For
example: @4,a5,a4,......

In the above, each term is denoted by & with a subscript
number denoting its position in the sequence. The first term is
c,; and the last term is @, where n is the length of the
sequence. Occasionally the first term is also denoted by €.

General formula for computing the n term as a function of n,
enclose it in parentheses, and include a subscript indicating the
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range of values that n can take. For example, the sequence of
even numbers could be written as (212),,cx. The variable n is
called an index, and the set of values can take is called an
index set.

A triple sequence (say real or complex) can be defined as a
function s: NXNxN—R(C), where N, R, C denoted by natural
numbers, real numbers and complex numbers respectively.
The different kinds of notions of triple sequences were
established and investigated at the initial stage by
Shaniera(2008) and Dutta et.A.J.(2013) and others. Recently
Esi.A have established statistical convergence of triple
sequences in topological groups.

In that paper we define the belief of triple sequences and its
convergency. Also, we have investigated some limitations
about triple sequences.

Il.  SINGLE SEQUENCE AND DOUBLE SEQUENCE

DEFINITION 2.1
A sequence of complex numbers is an infinite ordered list, that
is

(a,)n=1 = (aya, as a,,..)a, ECvneN.

...... N

DEFINITION 2.2
A sequence of complex numbers (a,)a—; s said to

convergeto A ELC ifve=03anNENstifn=N
then |@,,-A|<E.

A sequence of complex numbers (&, )5—, is said to diverge
if it does not converge toany 4 € .

DEFINITION 2.3
For each positive integer n, we are given a real number a,,.

Then the list of numbers a4, @5, dg, ... ..., @, is called a
sequence and this ordered list is normally written as
(4,505 ......,a,) (or) (@) (o) {a,}.

DEFINITION 2.4

Let s: N — R is a sequence and if a,, = s(n) for a neN
then we write the sequence as (&,,) or (@4, @a,......... ).

A sequence of real numbers is also called real sequence.
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DEFINITION 2.5

A sequence (a,,) in R is said to converge to @ be real number
if for every £ == 0, 3 positive integer N (depending on £) s.t.
la,-al<- & vn =N.

Also in that case, the number @ is called a limit of the

sequence (@, ) and (a,,) is called a convergent sequence. A

sequence which does not converge is called a divergent
sequence.

DEFINITION 2.6
A double sequence of complex numbers is a function

s:Nx N — C.ie, we use the symbol [s[n,mj) or
simply [smm). We say that a double sequence [s[n, m])
— aeC and write lim,,,, ..s(n,m) = a, if the given

condition is satisfied:
If every €>0 3 N=N(e)EN

|s(n,m) —al <€ ¥nm=N,

s.t.

The number at is called double limit of the double sequence
[s (n, m) ) If no such @ exists, we say that the sequence

[s (n, m]) is said to diverges.

DEFINITION 2.7
If (s(7, m)) be double sequence of real numbers.

(i) We say that [s (n, m]) — w0, and write
E’i’mn,m—ncs(nrmj =, for every a ER, 13
K=K(a)EN if then

s(n,m) = a.

s.t. nm =K,

(i) We say that [s[n,m]) — —u, and we write

lim, . ..s(n,m) = —aw, if for every § €ER, 3
KzK(JB]EN st. if m,m =K, then
s(n,m) < f5.

We say that [s (n, m]) is properly divergent in case we have

iimn,m—>35(ﬂ,m] =4 or E'imn,m—}:c‘g[ﬂrm] = —a0,

In case [s (n, m]) does not converge to @ € R and also it
does not diverge properly, then we say that [s[n,m]}

oscillates finitely or infinitely according as [s (n, m:]} is also
bounded or not.

DEFINITION 2.8
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A double sequence [s (n, m:]} is called bounded if 3 a real
number M = O st |s(n,m)| =M, ¥YanmeN

DEFINITION 2.9
For a double sequence [5 (n,m) ), the limits

lim,,_,.(lim,,_...,s(n,m)),and

lim,,_,. (lim,_ s(n,m)) are called iterated limits.

DEFINITION 2.10
A double sequence [s (n, m]) of complex numbers is called

a Cauchy sequence < for every € = 0, 3 a natural number
N =N(e)st.
s(p.q) —s(nm)| <e Ypzn=Nand g =m = N.

DEFINITION 2.11
Let [s (n, m:]} be double sequence of real numbers.

@ if s(nm) =s(k), ¥(nm = (k) in
N N, we say the sequence is decreasing.
(i) 1f s(nm) =s(jk), ¥(nm) < (j,k) in

N N, we say the sequence is increasing.
(i) If [s[n, m:]) is either increasing or decreasing, then
we say it is monotone.

DEFINITION 2.12

Let [s[n, mj) be a double sequence of complex numbers
and let (kym) < (kpm) << (k,n) < be
strictly increasing sequences of pairs of natural numbers. Then
the sequence (s(k,.7,,)) is called a subsequence of

[s (n, m:])

I1l.  TRIPLE SEQUENCE

The principles of triple sequences is an extension of the single
sequence and double sequences. To each triple sequences
s:NXNXN-—C, there corresponds four important
limits, namely:

1) limy,, .o s(Lm,n)
2) lim, (lim,,_ lim,_.s(l,m,mn))
3) lim,,_ (lim,_ . lim,__s(l,mmn))

4y lim, . (lim,_ . lim__ . s(l,mmn))

Let limy,, ....5(Lm,n) = a.Then the iterated limits

lim,_.(lim,,_. lim,_. s(l,m,n)),
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lim, . [lim poalimy 51, m,n) ) and

lim,_, (lim,, lim__._s(l,m,n)) exists and both are
equaltoa <
i. lim,,,s(l,m,n) exists for each n,m € N

i. lim,_s(l,m,n)exists foreach,n € N
iii.  lim,_,.s(l, m,n) exists foreach l, m EN

3.1 TRIPLE SEQUENCES AND THEIR LIMITS

In that section, we have to introduce the triple sequences of
complex numbers and also give definition of their
convergence, divergence and oscillation.

DEFINITION 3.1
A triple sequence of complex numbers is a function

ssNXNXN-—=C. We shall use the symbol
[s[i, m, n:]) or simply [Sz,m,n ) We say the triple sequence
[5[1 m, n:]) converges to @ &€C and we write

lim,

[0 W S ]

s(l,m,n) = a, if the following is satisfied:
For e>0, 3 N=N(e)EN
ls(l,m,n)—al <e ¥Immn=N.

every s.t.
The number & is called the triple limit of the triple sequence
[s[i, m, n:]) If no such @ exists, we say that the sequence

[s (I,m, n]) is diverges.

DEFINITION 3.2
If (5(1,m,n)) be triple sequence of real numbers.

i, We say (s(Lm,m)) — w0 and we write
lim, ., o .s(lLm,n) = w, ifforevery a ER 3
K=K(a)EN if LLmmn=K then
s(l,m,n) = a.

We say s(lLm,n) ——awx,

s.t.

and we write
—a, if forevery 5 E R
if L,bm,n =K then

lim,,, . _.s(Lmmn)=

3 K=K(B)EN st
s(l,m,n) < 3.

We say [s[i, m, n:]) is properly divergent in case we have

lim, s(lm,n) =w

LTI, =00

or

lim, s(l,m,n) = —wx. In case (s(l,m,n)) does

LT, —H0
not converge to @ € R and also it does not diverge properly,
then we say that [s(i, m, n]:l oscillates finitely or infinitely

according as (=(1,, 7)) is also bounded or not.
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For example, the sequence ((—1)"*™*™) oscillates finitely,

while the sequence ((—1)"™*"(I+ m + n)) oscillates
infinitely.

EXAMPLE
(a) If the triple sequence s(I,m, n) =

o e have

1
I+m
s(Lm,n)=0

3
To see this, given € = 0, choose N € Nst. N = -

lim,

LT, R =00

1 1
Then ¥ ,m,n =N, we have =, — —E — , which
1 m’ n N
implies that
1
|.-sumnj—n|—|,+m+n .
+—+ {: + +; —; = £

s(i,m, n:] is convergent.

(b) The triple sequence s(l,m,n) = L s divergent.
I+m+tn

Indeed, V sufficiently large [,m,m €N with
1

l=m=mn, then s(lmmn)= 3 Whereas vV

sufficiently large I,m,n € N with [ =m = 2n, we

have s(l,m,n) = é It follows that s{I,m,m) does

not convergetoa foranya € Rasl, m,n — .
(c) The triple sequence s(lm,n)=1+m+n is

properly divergent to =c. Indeed, givenat E R, 3 KE N

stK=a.Thenlmnz=K=1l4+m+n=>a.
(d) The triple sequence s(l,m,n) =1—1—m
. Indeed, given § ER, 3 K

ENst K= —§+§.Then Ilmn=K

— T is

properly divergent to —ao

=—-l,—-m-n<_-——= =2l1-Il-m—-n<f.
3 3

THEOREM 3.1 (Uniqueness of triple limits)

A triple sequence of complex numbers can have at most one
limit.

PROOF

Let a,a’,a” are both limits (s(I,m,n)). Then given

€ = 0 3 anatural number N, N5 and N3 s.t.
I,mn=N, = |s(l,mn) —al ~=:§
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I,mn=N,=|s(l,mmn)—a'l ~=::§
............. @
ILLmnz=N; =|s(l,mmn) —a"| < ”
............... 3)
Let N :=max{N,N,N;}. Then Vv [mnz=N
implication (1), (2) and (3) yield,
0

and s.t.

Lla=d"|=la=s{mn)+slmn)=d +a +s(lmn)=s(lmn)-d")|

< |s(lm,n) —al +Is(l,mn) —a'| +[s(Lm,n) —d'[ +|s(l,m,n) —a"|

3 3 3 3 2E
SitititiTy Te
0<|la—a"| <€

It follows that @ — a'’ = 0. Hence the limit is unique.

DEFINITION 3.3
A triple sequence (s(1,m,m)) is called bounded if 3 a real

number M = 0st. [s(lLm,n)| =M, YImneN

THEOREM 3.2

The convergent triple sequence of complex numbers is
bounded.

PROOF

Given s(1,mm,m) is convergent triple sequence.
Suppose s(1,7m,m) — aandlet € = 1. Thena N € N sit.

Imn=N=|s(lmn)—a|l<1l ... )
Then the triangle inequality yield that,
ls(lLm,n)| <1+ |al ¥ Lmn = N.

Let
M := max

(s(LLDLIS(LLI)LIS(LIDLISGLL)], oo, [N - LN = LN - 1)],

laf + 1)}
Clearly, Is(l,m,n)| =M VI[mmneN.

" The given sequence is bounded.

DEFINITION 3.4
For a triple sequence (5(1,m, 7)) the limits,
(iim,_,xs(i, mn) ), limp g lim, .. [iimm_,ms(i, m, n)) and

lim, . lim, ..
lim,_ lim_ [iimn_ms (I, m,n) ) are  called

iterated limits.
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EXAMPLE
Consider the sequence s(1,m,n) =

t+mtn’
Then for everym,n € N, lim,___ s(l,m,n) =1

= i i =
Jim_(m sm,m) =1
Foreveryl,n € N, lim, _..s(l,mmn) =0
= :,LIT-:-: [?}11_131:s[i,m,n]) =0
Foreveryl,m €N, lim,__.s(l,m,n) =0

= : Lﬂlac {Ji}}]:cs[i,m,nj) =0

Therefore, the triple limit of this sequence does not exist.

THEOREM 3.3

Let lim, s(l,m,n) =a. Then

™M, —roo
lim,,
lim,_,.. s(1,m,n) exists for eachm,n € N.

PROOF
The necessity is obviously true. For sufficiency, assume that

lim,_, . s(I,m,n) = ¢, for each m, n € N. To show that
c, »aasl— oo
Let €2 0 be given.

Sinces(l,m,n) » aasl,mmn — 0,3 N, € Nst.

E
ILLmnz=N;, = |s(lLmmn)—al < s

- [iim:_ms(l,m, n]) =—a

Since for eachm € N, s(l,m,n) = ¢, asn — 00, 3
N, EN st
E
n =N, = |s(l,m,n) —c,l <3
Similarly, for eachn € N, s(l,m,n) = ¢, asm — 0, 3
N, €N st
E
m = Ny = |s(lm,n) —c,l <3

Now choose 1, . = max {N; N,, Nz} Then VI = N,
we have
le, —al = le, = s(lm,n) +s(Lm,n) - ¢, +c,, — s(Lmn) +s(,m,n) —al

< |ems(m,m)| + Is(Lm,n) — c,|
+le,, — s(Lm,n)| + Is(l.m,n) — al
= E+Z+;+:1 =E

Hence,c; — a as [ — o0,

3.2 CAUCHY TRIPLE SEQUENCES
DEFINITION 3.5
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A triple sequence ({1, mm, 7)) of complex numbers is called
a Cauchy sequence < for every € = 0, 3 a natural number
N = N(€)st.

Is(p,q.7)—s(lmn)l<e Vp=l=N, g=m=

and r = 1 = N,

THEOREM 3.4
(Cauchy Convergence Criterion for Triple Sequences)

A triple sequence (=(1, 7. 1)) of complex numbers

converges < it is a Cauchy sequence.
PROOF
(=) Assume s(l,m,n) = aasl,mn — o,

Givene = 0, 3N € Ns.t.

|s(l,m,n) —al < HE YImmnz=N.

Hence Vp=l=N, Vg=zm=N and
Yr=n=N, wehave

|s(p.q.7) —s(l,m,n)|

=

Is(p,q,7) — al + s(Lm,n) —al
< E—FE =€
i.e., (5(1,m,m)) aCauchy sequence.
(<=) Next, we assume that (s(1, 1, 1)) a Cauchy sequence,
and let € = 0 be given.
Taking I = m = n and writing s(I,m, n) = b,,, we see
thatak ENst |b, —b,|<e VpznzK

.. By Cauchy’s Criterion for single sequence, the sequence
(b,) convergestoa € C.

Hence 3 Ny € N st
|b, —al < ;

Vnz=N,

Since (5(1,m, 1)) a Cauchy sequence, 3 N, € N st.

|S(pqurj - b?‘!l c::

E
-
&=

2)
Let N := max{N,,N,} and choose 7t = N. Then, by ()

and (2), we have

s(p.q.7) —al = |s(p.q.7) — b,| + |b, —al
< 242 Vp.qr =N.

Hence, (5(1,m, 1)) converges to a.

3

N

|s(p.q.7) —a+a—s(l,mn)
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3.3 TRIPLE SUBSEQUENCES

In that section, we have to study triple subsequences and prove
some results about their convergence and its relation to the
convergence of the original triple sequence.

DEFINITION 3.6

If (s(1,m,m)) be triple sequence of complex numbers and

let

(kymy o ty) < (kymty) <. e (kpmnt,) < e
be strictly increasing sequences of pairs of natural numbers.

Then the sequence [s[k:,:r"m, tn]) is called a subsequence

of (s(I,m,n)).

THEOREM 3.5
If a triple sequence (s(l,mm,m)) of complex numbers

converge to a complex number ¢, then any subsequence of
(s(1,m,n)) also converge to a.
PROOF
Let (5(k;,7;,, t,,) ) be subsequence of (s(L,m, 7)) and let
€ = 0 be given.
Thena N = N(e) € Nst.

f.g.h=N = |s(f.g.h) —a| <e

Since

ky =k, = . Zk,=.. .., NEnH 27,5 ...
and [ o S we have
k=l 1, =zm,t, zn ¥YlmmneN.

Hence, it follows that

Imn =N = k,1,.t, = N

n =

= stk r,t,)] <€

aolimy,, e (k1 t,)

i

THEOREM 3.6 (Divergence Criterion)
Let (s(l,m,m)) be triple sequence of complex numbers.

Then the following are equivalent:
(i) The sequence (s(l,7m,m) ) does not converge to

aEl
(ii)3ane, = Ost.foranyk EN, 3
l,,m,,mn, €Nst
L, my,n, = kand |s(l,,m,,n,)—al =e.
(i) 3 an €5 = 0and a subsequence (51, My, 7)) of
(s(l,m,n)) st
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|s(lp,myn,)—al =¢, VKEN
PROOF
To Prove: (i) = (ii)
If (s(1,m,m)) does not converge to a, then 3 €5 = 0 sit.
¥V k € N, the statement

Ilmnzk = |s(lmn)-al <g is false

(i.) ¥ k€ N there are natural numbers
Lmg,n, = kst
|s(Lmim) —a| = &,
To Prove: (ii) = (iii)
Let € be as in (i) and let I;,m;n, EN st
l,ymymy =1and |s(ly,my,ny) —al =g
Now let l5,m4,71, € N besit.
Lzl,+1, my=m,;+1, n, =2n, + 1and
Is(l,, m,n,) —al = g,
Letl;,mg,m; € Nbest.
lyz1l,+1, mg=m,+1, ny =n, + land
ls(ly, mqa,ng) —al = g,
Continuing this process, we obtain a subsequence
[s[ik,mk,nkj) of (s(l,m,n)) st.
|s(l,,my.mn,.)—al =¢, VEEN
To Prove: (iii) = (1)
Suppose 3 an €5 = 0 and a subsequence [s[lk,mk,nk])

of (s(I,m,n)) st
|s(l,,m,n.)—a)|l = e vkEN
Then (s(l,m,m)) cannot converges to a. For if

(s(l,”m,m)) = @ then by using theorem “If a triple
sequence (=(l,m, 1)) of complex numbers converges to a
complex number @, then any subsequence of (s(I,m, 1))
also converges to @”. The subsequence (s5(1,,my, 7))

would converge to a, which is impossible.
Therefore, the sequence (s(I,m,m)) does not converge to

a e C.

THEOREM 3.7
Let (s(l,m,m)) be a bounded triple sequence of complex

numbers and let @ € € have property that every convergent
subsequence of (=(l,7,7m)) converge to a. Then the
sequence (s(1,m,n)) converge a.

PROOF
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Assume, on the contrary, that the sequence (=( 1, m, 7)) does
not converge to a.
Then, by Divergence Theorem 3.6, there exist €= () and a

subsequence (5 (1.1, 7)) of (s(1,m,m))st.
Is(l,,my.mn,)—al =, YKEN (1)
Since the sequence (s(I, 1, 7)) is bounded, then so is the

subsequence (5 (1, m,, ;).
It comes from the Bolzano-Weierstrass Theorem that
(s(ik,mk,nk]] has a convergent subsequence, say

[s(iﬂ,mq,nr]}_
Hence, by hypothesis, lim,, ... (S[E’wmqr“rn =
This means that 3N = N (g, ] sit.

‘(s[lwmq,ﬂrn — cx‘ =g Vpg.r=N

@

Since every term of (S[iﬁ,mq,ﬂ,]) is also a term of

[s (l.m,,m,) ) we see that (1) gives a contradiction to (2).

3.4 ROUGH STATISTICAL CONVERGENCE ON
TRIPLE SEQUENCE
The concept of statistical convergence was established

by 'steinhaus’ and also independently by Fast for real or

complex sequences. Statistical convergence is a generalization
concept of convergence, which equivalent to the principles of
ordinary convergence.

DEFINITION 3.7

A triple sequence s = [s:mn) or s(l,m,n) is said to
0 R, written
provided that the
f(Lm,n) eN?: |s(l,m,n) —0| =&} has natural
density zero for any € = 0. In this case, 0 is called statistical

limit of the triple sequence Xx.
If the triple sequence is statistically convergent, then for every

E£2 0, infinitely many terms of the sequence may remain

statistically ~ convergent to as

st —lim s =20, set

outside the £-neighbourhood of the statistical limit, provided

that the natural density of the set consisting of the indices of
these terms is zero. This is an important property that
distinguishes  statistical  convergence  from  ordinary
convergence. Because the natural density of a finite set is zero,
we say that every ordinary convergent sequence is statistically
convergent.

DEFINITION 3.8
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A triple sequence s = (s(l,m,m)) is said to statistically
analytic if 3 a M st

5({(l,m,n] € N3: |(s(l,m,n))l Viamin > M}] =0

positive number

DEFINITION 3.9
A triple sequence s(1,m,n) is said to be rough convergent(r-

convergent) to k denoted as s( 1, m, ) =" k, provided that
ve=03i_E Nst

VeE=03i,eN:lmnzi. =|s(lmn)—k|l<r+e
Or equivalently, if lim sup|s(l,m,n) — k| <r

Here 1 is called the roughness of degree. If we take ¥ = 0,
then we obtain the ordinary convergence of a triple sequence.

DEFINITION 3.10

A triple sequence s(1,m, n) is said to ¥ — convergent if
LIM"s # @.

In this case r is called the convergence degree of the triple
sequence s(I,m,m). For =0, we get the ordinary
convergence.

THEOREM 3.8

Let = 0. Then a triple sequence s(lm,m) is r-
statistically convergent to k < 3 a triple sequence
p(l,m,n) st

st —lim p =k and |s(l,m,n) — p(L.m,n)| = r for
each (I,m,n) € N3.

PROOF

Necessity: Assume s(1, m, 1) =" k. Then,

st —lim sup|s(l,m,n) — k| <r
Define

p(l,m,n) = [s

k,
(I,m,n) + T‘(

i‘f |S(i,m,ﬂj—l|£r

k—s(Lmmn) ,
—) , otherwise
|s(tam.m)—1]

Then write,

|k _k|1
lp(l,m,n) —kl =

ls(l,m,n) —k| + r(

i‘f |5u:m;ﬂ)_l| =r
[ke=kl|=|2(Lmm -kl

[s(tmn)-K|

i.e.,
|S(|E-,m,ﬂ-j - kl =<r

)

0, if
lp(Lm,n) -kl = [ls(i,m,‘rﬂ — k| _T(

sl mmnl—-k

sl mmnl—k
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ie.,

_ 0, Il‘f |S[l,m,ﬂ]_k| =r
Ip(Lm,n) —kl = {Is(i,m,n] —k|l— otherwise
We have
lp(Lm,n) —k| =|s(lLmn) —k|—r
> |s(lmmn)—k—p(lmn)+kl<r
=
|s(Lm,n)—p(lmmn) | =r (2)
vimnéeN.

By equation () and definition of p(1,m, 1), we get

= st —limsuplp(lLmn) —kl=0

= st—limp(l,m,n) =" k.

Sufficiency: Because st — lim p(l,m,n) = k, we have

S({(L,m,n) e N:|p(l,mn) —kl =€) =0
gach € == 0.

It easy to see that the inclusion

f(l,m,n) € N*:

lp(Lm,n) —k| =€} 2{(Lmn) EN*:|s(Lmn)—k|=r+¢€)

holds.
Because

5({(l,m,n) € N*:|p(l,mn) —k| = €} = 0, we get
S({L.m,n) € N*:|s(l,m,n) —k| = v+ €}) = 0.
Hence the theorem.

for

THEOREM 3.9

A triple sequence (1,1, 1) is statistically analytic < 3 a
non-negative real number ¥ s.t. st — LIM™ 5 = Q.

PROOF

Since the triple sequence = is statistically analytic, 3 a positive

real number M s.t.
5({(Lm,m) € N3 I(s(l,m,n))| Tremen 2 1Y) = 0

Define
r —

1."
sup |(s(Lm,n))| ‘t+m+n|: (I, m,n) € K},
Where

T

], otherwisg; =.{(l,m,n) € N3. |(s(L, m,n))| Ysmn = M}

Then the set st — LIM™ s contains the origin of R.
Sowe have st — LIM™ s # 0.
If st —LIM" 5% @ for some =0, then 3 k st

otherwisg _ . 1IM” s
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i.e.,
1."
5({(1,7?1,?1:] eN*: |s(l,mn) — k| /t+men = T‘-|-E}) =0
for each € == 0.
Then we say that almost all 5( 1, 712, 7)) are contained in some

ball with any radius greater than 7. So the triple sequence = is
statistically analytic.

3.5 ALMOST CONVERGENCE OF TRIPLE SEQUENCE

DEFINITION 3.11
A triple sequence 5( 1, 711, 71) almost convergence to L, if for

everye}l] EINENs.t.
Z Z ’"_E s(l+i,m+j',n+k]—£.‘=i £

par =
Vv p,g,r>=Nandal(l,mn)E NXNXN.

DEFINITION 3.12
The triple sequence (1, mm, 1) is almost Cauchy, if for every

e>=0,3INE Nst

py—-lg,=1v-1
> quZZ (I +imy+jn, +k)
1 H1 71
zl}_;ll}kl}
Pp—lgg—1ry— <€
ZZZ s+ imy 4,y +K)
pﬂqqnzl}jl}kl}

ij_; qirTirP:,Q':; L) =N and all
(I,,my,ny), (I,my,n,) ENXNXN,

LEMMA 3.1
The triple sequence (=(I,m, 7)) is almost convergent < it

is almost Cauchy.
PROOF

Suppose the triple sequence (s{l,m,m))

convergent to L.
Then, foreverye = 0,3 N € N st
P—1lg—1yp—1

ZZZS[l—H,m-I-j,n-I-k]—L < e

i=0 ;=0 k=0
V pgr>=Nandal(l,mn)E NXNXN

is almost

rgr
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p,~1lg,—1r,—-1
Z Z Zs(i +imy +j,n +k)
plqlrlzl}_;leD
Pr—lgg—1mg—
Z Z ZSU +i,m,+j,n, +k)
pﬂqﬂneu;uku
1 - -
< I T R sl tymy 4y +K) L]
1 2~ 1vdy ?":'.
+ — o jzg s(lﬂ-l-am,.-l—},ﬂ,.-l-k] L‘

< ;—F; = €
VP1:q1:1.02 82 2 = N and all
[I‘l!mlrﬂ‘ljr (I‘Ermz.rﬂ::] ENXNXN.
Hence the triple sequence 5 (I,m,n) is almost Cauchy.

Now, suppose that the triple sequence [s[i, m, n:]) is almost

Cauchy.
Then forevery e =0, 3N EN st

e L Ny sy + my +fny +K)
2“'12 E;“:_Dl
M

V Py, 41,1292 T2 = Nandall

(I myny), (I myn,) ENXNXN.
Takingl, =1, =
M, = n, = M, in relation (), we obtain that

ry

Py f-'.l'

<
s(ly+imy +j,n, +k)

Ealm

Iy, m;=m, =my and

p-1lg-1p-1

Zzzs(a +imy 4oy k)

i=0 j=0 k=0

pagr=1

is a Cauchy sequence in €. Therefore the set of complex
numbers is convergent since £ is complete.

Let

P - iim%w*mmz Z ss(ly+imy+jn +k) =1L

Then for every € = 0, 3 Nl £ N st.
_ rZ Z r;j[;‘g(il_l_irml_l_jrﬂl_l_k]_f‘ ‘{E

vp.gq, 1t = Ni.
It follows that,
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L p-1lg-1yp—1 [6] Cunjalo.F “Almost convergence of double sequences—
. , . Some Analogies between measure and category”, Math.
o qr s+im+jn+k)—L Maced., 5(2007), 21-24.
i=0 j=0 k=0 [7] Debnath.S and Das.B.C., Regular matrix transformation on
triple sequence spaces. Bol. Soc. Paran. Mat. 34(2) (2016),
1 p-1og—1op—q , , 1-12.
= P4 rzf:ﬂ' ZFD k=os(i+im+jntk) [8] Gupta S.L and N.Rani, Priciples of real Analysis, Vikas
= 1 -1 g —1p—1 , ) Publishing House, New Delhi,1998.
T oa ~Yi=g Lj=p L= S(ly +imy +jmy +k) [9] Hamilton.H.J: Transformations of multiple sequences.
Duke Math. Jour.2 (1936), 29-60.
[10] Lorentz G.G,” A contribution to the principles of
1 wp—1eg—1wpi . . divergent
+ o0 Zy=o Zk=os(h T imy +jimy + k)~ L sequences”, Acta. Math.,80(1948), 167-190.
[11] Mishra.V.N Khatri.K and Mishra.L.N : Using linear
S5 — . operators to approximate singnals of Lip of (¢t,p) ,

(p==1)- class . Filomat.27(2) (2013) , 355-365.

vp,q,7 > max(N, Nij and v [12] Pringsheim A, “Zur Theori der zweifach unendlichen
(Lm,n) ENXN XN. Zahlenfolgen”, Math Ann.,53(1900), 289-321.
[13] Rudin W, Priciples of Mathematical Analysis, Third
edition, MCGRAW-Hill, 1976.
L. [14] Stromberg K.R, A Introduction to Classical Real
This completes the proof. Analysis, Wadsworth, 1981.
[15] Shyamal Debnath, Subramanian.N, “Rough statistical
convergence on triple sequences”, Proyecciones Journal
of Mathematics, Vol. 36, No.4, (2017), 685-699.

So, the triple sequence s(I, 71,1} is almost convergent to

IV. CONCLUSION

In this paper, we have established triple sequences using
single sequences and double sequences. This extension can be
used to verify Cauchy triple sequence, triple subsequence and
convergence (or) divergence for a given sequence. Also we
have to seen that rough statistical convergence on triple
sequence and almost convergence of triple sequence.

Further we have discussed the study of the basic properties of
triple sequence. This study can be extended in future for many
sequences (four, five and so on).

V. REFERENCE

[1] Apostol T.M, Mathematical Analysis, Second edition,
Addison Wesley, 1974.

[2] Ayhan Esi, Necdet Catalbas.M “Almost convergence of
triple sequences”, Global Journal of sequences”,
Mathematical Analysis, 2 (1) (2014), 6-10.

[3] Ahmet Sahiner, Mehmet Gurdal and Kadriye Duden.F,
“Triple sequences and their statistical convergence” Selcuk
Journal of Applied Mathematics,Vol.8.No.2. (2007), 49-55.

[4] Bartle R.G and Sherbert D.R, Introduction to Real
Analysis, Second edition, Wiley and Sons, 1992..

[5] Chen W.W.L, Fundamentals of Analysis, Published by
W.W.L. Chen via Internet, 2003.

190



|JEAST

INTERNATIONAL JOURNAL
OF ENGINEERING APPLIED SCIENCE
AND TECHNOLOGY

ABOUT LJEAST

International Journal of Engineering Applied Science

PEER REVIEWED

All submissions are rigorously peer

and Technology (IJEAST) is a peer-reviewed, open
access journal that publishes high-quality research
papers in the field of Engineering, Applied Science
and Technology.

reviewed to ensure quality.

OPEN ACCESS

IJEAST aims to provide a platform for researchers, Free and unrestricted access to
e B : research for all.
academicians, and professionals to share their
innovative ideas, research findings, and practical
GLOBAL REACH

Connecting researchers and

experiences with the global scientific community.

professionals worldwide.

FOCUS AREAS
® Engineering
TIMELY PUBLICATION

@ Applied Science
We ensure a swift and efficient

® @ ® @

® Technology publication process.
@ [nnovation & Development

@ Interdisciplinary Studies

@ For more information, visit our website

www.ijeast.com
INTERNATIONAL JOURNAL B4 editor@ijeast.com
OF ENGINEERING APPLIED SCIENCE ® "
AND TECHNOLOGY www.ljeast.com

Q India

2455-2143




