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Abstract— Using property (E.A.) and its variants, we prove some
common fixed point theorems for quadruple of weakly
compatible self maps in metric space in this paper. Our results
extend and unify various known results in literature. We also
give application of proved result for four finite families of maps.
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l. INTRODUCTION

In 2011, Rao and Pant [1] utilized the concept of finite metric
spaces and proved some common fixed point theorems for
asymptotically regular maps. Recently, Mishra et. al. [2]
proved some common fixed point theorems using property
(E.A.) (which was introduced by Aamri and Moutawakil [3])
in metric spaces.

Using property (E.A.) and its variants, we prove some
common fixed point theorems for quadruple of weakly
compatible self maps in metric space in this paper. Our results
extend and unify various known results in literature. We also
give application of proved result for four finite families of
maps.

Our results extend and unify various known results in
literature such as [4-14].

Il. PRELIMINARIES

Definition 2.1 [14]. Two self maps A and S of a metric space
are weakly compatible if ASx = SAx for all x at which Ax = Sx.
Definition 2.2 [3]. Self maps A and S on a satisfies the
property (E.A) if there exist a sequence {x,} in V such that

limA(X,) =1limS(x,) =z for some zeV .

N—o0 N—o0

Clearly, both compatible and noncompatible pairs enjoy
property (E.A).

Definition 2.3 [12]. Two pairs of self maps (A, S) and (B, T)
on a satisfy common property (E.A) if there exists two
sequences {x,} and {y,} in V such that
limA(X,) =1limS(x,) =limT(y,) =limB(y,)=p
N—o0 n—oo Nn—o0 n—oo

for some peV .
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Definition 2.4 [13]. Two pairs of self maps (A, S) and (B, T)
on a satisfy the (JCLRg7) property (with respect to mappings S
and T) if there exist two sequences {x,} and {y,} in V such
that

limA(X,) =1limS(x,) =limT(y,) =limB(y,) =Sz =Tz
where z €V .

Definition 2.5 [1]. Two finite families of self maps {A }.nll

and {Bj

pairwise commuting if

MHAA=AA, I, je{,2,3..m},

(i) BiB;=B;Bi, I, j {1, 2,3,...n},

(i) A B =BjA, 1€{,2,3,.m}, je{1,2,3,..n}.

1. MAIN RESULTS

Let ® be the set of all continuous functions W: X — X
satisfying () < a for all ain X.

Theorem 3.1: Let A, B, S and T be four self maps in metric
space (X, d) satisfying:

(3.1) A(X)cT(X) and B(X) = S(X);

n
}. lon aset X are
J:

(3.2) there exist ¥ € @ such that
d(Ax,By) =¥ (M(x,y))

where
M (x, y) = max {d(Sx,Ty),d(Sx, Ax),d(By,Ty)}
forallx,yeX;

(3.3) pair (A,S) or (B,T) satisfies the property (E.A).

(3.4) range of one of the maps A, B, S or T is a closed
subspace of X.

Then pairs (A, S) and (B, T) have coincidence point. Further if
(A, S) and (B, T) be weakly compatible pairs of self maps of X
then A, B, Sand T have a unique common fixed point in X.
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Proof: If the pair (B, T) satisfies the property (E.A.), then there
exist a sequence {x,} in X such that BX, — zZ and TX, — z
for someze X as N —oo.

Since, B(X) < S(X), therefore, there exist a sequence {y,}

in V such that Bx, =Sy. . Hence, Sy, —Z as n—oo.
Also, since A(X) < T(X), there exist a sequence {Zn}

in X such that TX, = Az, . Hence, Az, — Z as N — 0.

Suppose that S(X) is a closed subspace of X. Then z = Su for
some u € X. Therefore,

Az, — Su,Bx, — Su,Tx, — Su, Sy, — Su as

N —> 0.
First we claim that Au = Su. Suppose not, then by (3.2), take x
=U, Yy = Xp, We get

d(Au,Bx,)=¥(M(u,x,))
As N — o0

d(Au, Su) =‘P(Iim M (u,xn)) (3.5

where

M (u, x,) = max {d(Su, Tx,),d(Su, Au),d(Bx,,Tx,)}
As N — o0

limM (u, x,) = max {d(Su, Su),d (Su, Au),d (Su, Su)}

=d(Su, Au)

(3.5) gives,
d(Au,Su) =¥ (d(Au,Su)) <(d(Au,Su))

a contradiction, hence, Au = Su. As A and S are weakly
compatible. Therefore,
ASu = SAu and then AAu = ASu = SAu = SSu.

On the other hand, since A(X) < T(X), there exist v e X

such that Au = Tv. We now show that, Tv = Bv. Suppose not,
then by (3.2), take x = u, y = v, we have,

d(Au,Bv) =¥ (M(u,v))

or

d(Tv,Bv) =¥ (M(u,v))....(3.6)

where

M (u,Vv) = max {d (Su,Tv),d(Su, Au),d (Bv,Tv)}

=max {d(Tv,Tv),d (Au, Au),d (Bv,Tv)}
=d(Bv,Tv)

Thus, (3.6) gives,

d(Tv,Bv) =¥ (d(Bv,Tv)) <(d(Bv,Tv))

a contradiction, hence, Bv = Tv.
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As B and T are weakly compatible, therefore, BTv = TBv and
hence, BTv = TBv = TTv = BBv.

Next we claim that AAu = Au.

Suppose not, then by (3.2), take x = Au, y = v, we get

d(AAu, Bv) =¥ (M (Au,v))....(3.7)

where

M (Au,v) = max {d(SAu,Tv),d (SAu, AAu),d (Bv,Tv)}
=max {d (AAu, Bv),d (AAu, AAu),d (Tv,Tv)}
=d(AAu, Bv)

(3.7) gives,
d(AAu, Bv) = ¥ (d(AAu, Bv)) < d (AAu, Bv)
again a contradiction, hence AAu = Au. Therefore, Au = AAu
= SAu and Au is a common fixed point of A and S. Similarly,
we can prove that Bv is a common fixed point of B and T. As
Au = Bv, we conclude that Au is a common fixed point of A,
B,SandT.

The proof is similar when T(X) is assumed to be a closed
subspace of X. The cases in which A(X) or B(X) is a closed
subspace of X are similar to the cases in which T(X) or S(X)

respectively, is closed since A(X)cT(X) and
B(X) < S(X).

For uniqueness, let u and v are two common fixed points of
A, B, S and T. Therefore, by definition, Au = Bu =Tu =Su =
uand Av =Bv=Tv=Sv=v. Then by (3.2), take
X=uandy =v, we get

d(Au,Bv) =¥ (M (u,v))
or
d(u,v)=¥(M(u,v))....(3.8)

where

M (u,v) = max {d (Su,Tv),d(Su, Au),d (Bv,Tv)}
=max {d(u,v),d(u,u),d(v,v)}
=d(u,v)
Equation (3.8) gives,
d(u,v)=%¥(d(u,v))<d(u,v)
a contradiction, therefore, u = v. Hence A, B, S and T have a
unique common fixed point in X.

Taking B = A and T = S in Theorem 3.1, we get following
result:

Corollary 3.1: Let A and S be two self maps in metric space
(X,d) such that
(3.9) there exist ¥ € @ and x, y € X such that
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d(Ax, Ay) = ‘P(M (%, y)) where

M (x, y) = max {d(Sx, Sy), d (Sx, Ax), d (Ay, Sy)}
(3.10) pair (A,S) satisfies the property (E.A)

(3.11) the range of one of the maps A or S is a closed subspace
of X

Then A and S have a coincidence point in X. Further if (A, S)
be weakly compatible pair of self maps then A and S have a
unigue common fixed point in X.

As an application of Theorem 3.1, we prove a common fixed
point theorem for four finite families of maps. While proving
our result, we utilize Definition 2.9 which is a natural
extension of commutativity condition to two finite families.

Theorem 3.4: Let {A,AQ,,AH} {Bl,BZ,...,Bn},
{81,808, } and {T,.T,.....T,
of  self maps of a metric space (X,d) such that

A=AA...A,, B=B.B,..B, $=8.3,..5, and
T =T,.T,.....T, satisfy the condition (3.2) and
(3.21) A(X)cT(X) (or B(X)<S(X))

} be four finite families

(3.22) the pair (A,S) (or (B,T)) satisfy property

EA).
Then the pairs (A,S) and (B,T) have a point of

coincidence each. Moreover finite families of self maps A;,
Sy, By and T, have a unique common fixed point provided that

the pairs ({A},{Sk})and
({Br},{Tt})commute pairwise foralli=1,2,...,m, k=

L,2,...,p, r=212,...,n, t=1,2...,qQ
Proof: Since self maps A, B, S, T satisfy all the conditions of
theorem 3.1, the pairs (A,S) and (B,T) have a point of

coincidence. Also the pairs of families ({A},{Sk})and

of families

({ B, } , {Tt }) commute pairwise, we first show that AS = SA

as
AS = (A1A2 Am)(slsg Sp) = (A1A2 ...Amfl)(Am 8182 Sp)

= (AtAz . Ap1)(S1S2 ... Sp An) = (AdA; ... Ap-2)(An-1S:S:
- SoAn)

= (A1A2 Amfg)(slsg Sp AmflAm) :...:Al(slsz Sp A2
A

m

= (5132 Sp)( A1A2 Am) = SA.
Similarly one can prove that BT = TB. And hence, obviously
the pair (A, S) and (B, T) are weakly compatible. Now using
Theorem 3.1, we conclude that A, S, B and T have a unique
common fixed point in V, say z.

Now, one needs to prove that z remains the fixed
point of all the component maps.
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For this consider

A(A, Z) = ((AlAz Am)Ai )Z = (AlAg Am-l)(Am A )Z
= (AlAz Am-l)(Ai Am)Z = (AlAz Am_g)(Amfl A Am)Z
= (A1A2 Am-Z)(Ai An-1 Am)Z =..= Al(AiAz Am)Z
= (AlAi )( A, ... Am)Z

= (A, Al)( A, ... Am)Z =A (A1A2
Similarly, one can prove that
A(Sk 2) = Sk (Az) = Siz, S(Skz) = Sk(Sz) = Sz,

S(Ai 2)= Ai(Sz) = Aiz, B(B;z) = B/(Bz) = Bz,

B(Ti2) = T«(Bz) = Ty z, T(T;2) = T(Tz) = T,z

and

T(Bz) = B{(Tz) = B,z,

which shows that (for all i, r, k and t) Az and Siz are other
fixed point of the pair (A, S) whereas B,z and T,z are other
fixed points of the pair (B, T). As A, B, S and T have a unique
common fixed point, so, we get

Anz =AiAz=Az

z=Az=%z=B,z=Tyz, foralli=1,2,....m, k=1,
2,...,p,
r=1,2,...,n, t=1,
2,...,Q
which shows that z is a unique common fixed point of
m p n q
{A}i:l’{sk}kzl’ {Bf}r:land{Tt}t:l'

IV.CONCLUSION

Using property (E.A.) and its variants, we prove some
common fixed point theorems for quadruple of weakly
compatible self maps in metric space in this paper. Our results
extend and unify various known results in literature. We also
give application of proved result for four finite families of
maps.
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