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Abstract— There is much work done on implicit
and explicit rational Runge-Kutta schemes for
second order ordinary differential equations. This
motivated the need for semi-implicit scheme since
no work has been done on it for second order
ordinary differential equations. The research was
carried out using Taylor“s series and Binomial
expansion after some related works were reviewed
in the literature. The research was completed in
which a one-stage semi-implicit rational Runge-
Kutta scheme was derived, the convergence and
consistency of the scheme was tested and the
scheme was convergent and consistent. The
adopted scheme was discovered to perform well in
terms of approximating the exact solution of a
special case of second order ordinary differential
equations.
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1. INTRODUCTION

An ordinary differential equation (ODE) is an
equation of the form:
v =fxy) y(xe) =y, a<x

<b (€))

Arising from mathematical modeling of a large
variety of physical problems in nuclear reactions,
delay problems and computer aided designs,
perturbation problems or dynamical processes in
industries, technological fields and economy of some
third world countries affected by inflation and other
economic depressions. Often, the solution y(x) of
the ordinary differential equation (1) possesses
components with fast and slow responses and one in
which there is pole or discontinuities. The existing
methods of solving this ordinary differential equation
includes: Runge-Kutta method, Euler’s method,
implicit backward difference method proposed by
Gear in 1971, Hybrid methods by Ademiluyi (1987),
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perturbed polynomial process by Lambert and Shaw,
extrapolation process by Evans and Fatunla, Rational
functions approximation method by Luke et al.
Runge-Kutta schemes are important family of
implicit and explicit iterative methods for
approximation of solution of ordinary differential
equations. Consider the numerical approximation of
second order initial value problems of the form:
y'=fyy)  y(&o) =0 ¥'(x0)

= Yo, as<x<bh (1.1
The general s— stage Runge-Kutta scheme for
general second order initial value problems of
ordinary differential equations of the form (1) as
defined by Jain (1984) is:

Yn+1 ,
=y thy',

S
+ Z ok, @)
=1

And

Where

(3)



International Journal of Engineering Applied Sciences and Technology, 2020
Vol. 4, Issue 9, ISSN No. 2455-2143, Pages 104-115
Published Online January 2020 in IJEAST (http://www.ijeast.com)

small values of s (Sharp et al, 1992 and Dormand et

) r al, 1987).
ky =—f| %+ cih,y, + heiy' + Z ai;k,y' In 1982, Hong Yuan Fu proposed a Rational Runge —
- Kutta scheme for the integration of this kind of
ordinary differential equations. Okunbor (1985),
1 ) Babatola and Ademiluyi (2000) and Bolaji (2005)
+ﬁzbiiki s () worked further on this method and proposed
schemes that can be classified as explicit, implicit or
semi implicit method. Bolarinwa et al (2012)
_ proposed a two-stage semi-implicit rational Runge-
With ¢ =i = Kutta scheme for solving ordinary differential

iy, by, i(Dr (8guation of first order.
]: )

2

Jj=1

From the above, the researcher will focus on
developing a scheme for semi-implicit rational
Runge-Kutta method of solving ordinary differential
equation of second order.

Where c¢;,a;;,b;j,c, ¢’ are constants to be
determined. The suitable parameter requires
extremely lengthy algebraic manipulation, except for

11. DERIVATION OF THE SCHEME
The rational form of (2.1) and (2.2) can be defined as
r
Y, +hy, +2Wiki

Yo = —= (2.5)
1+y, Zvi H,

i=1

vo+ S wk
hiz

Yoo = 1 (2.6)
1+=y, > viH,
h™ 3
where
h? - Colg .
ki =— f| X, +¢;h,y, +hey, + aijkjlyn +_Zbijkj A =10)r 2.7)
2 i=1 h=
h? D9 C1d .
H; :?g X, +d;h,z, +hd;z, +Zainj’Zn +Ezﬂinj d=1Dr (2.8)
j=1 j=1
with constraints
! 1¢ .
C; :Zaﬁ :Ezbﬂ" =1()r
j=1 j=1
i 1 i . . -
d; = Zaij = EZﬂij’l =1Dr in which
j=1 j=1
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1
g(xntzn) =- 721f(xn' yn)andzn = y_

The constraint equations are to ensure consistency of
the method, h is the step size and the parameters
a;j, bij, ¢, dy, <, B;;  are  constants  called  the
parameters of method.

Following Abhulimen and
Bolarinwa(2012) procedures:

Uloku(2012),

n

the Taylor series expansion of
Ynsrandy’, . about (x,,y,,¥’,) in the
powers of h.

Normally the number of parameters exceed the
number of equations, these parameters are
chosen to ensure that (one or more of) the
following conditions are satisfied.

Minimum bound of local truncation
error exists

The method has maximized interval of
absolute stability

Minimized computer storage facilities

i. Obtain the taylor series expansion of i.
k; and H; about the point (x,yn,¥’,)
and binomial series expansion of right- il.
hand side of (2.7) and (2.8).

. Insert the Taylor series expansion into iii.

(2.7) and (2.8) respectively. are utilized.
iii. Compare the final expansion of
k;andH; about the point (x,,y,,¥’,) to
In equations (2.5),(2.6),(2.7) and (2.8), setting r=1 we have:
Yo+ hy' + wk,
_— 2.9
Yn+1 = 14+ ynlel ( )
N
, Yt EW1k1
Y =1 (2.10)
1+ Ey nV1H;
where
2 1 1
k= f |tk cshyn +hey' + ) agkyy' +2 ) by |i=1 (2.11)
j=1 j=1
hz
H =g | %0+ dihz, + hd, 7', +Zo<l] e hz,@” =1 (212)

j=

with constraints

1 =ay =5byy

1
d; == 5,311
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since we are considering the semi-implicit scheme, b;; = 0 for j > i.

Where a;;, b;j, ¢;, d;, &5, B;j, wy, wy, vq, v are all constants to be determined.

j’
Now by adopting a binomial expansion (definition 1.6.10) on equations (2.9) gives
Vi1 = O +hy', + wik)(1 + YaV1H) ™
=Ont hy,n +wik)(1 = y,v,Hy)
=yt hy,n - (v + hYny,nv1)H1 + Wy — Yo Hiw )k, (2.13)
Similarly the binomial expansion of (2.10) gives
! ! 1 ! 1 ! ! -
Vo1 = (y n +EW1k1) (1 +Ey nv1H1)

1 1
= (v gwita) (1-5 i)
12,1

! 1 1 1
=y, tawiks - (;yn v+ pynwlvlkl)Hl (2.14)

Now, the Taylor’s series expansion of y,,,; about x,, gives

2 h3 4 '
Yn+1 = Yn +hyn +zyn +§yn +Iyﬁv + -
and
z o
Yner = Yn ¥ hyn + oy + 37y’ + o
where

y?l = f(xn:yn:yr;) = fa
y?l’ =fi+ y’fy +fnfy' =Af,

yrilv = fx + yr'szyy + foy,y, + Zy,fnfyy' + anfxy' + fy'Afn = Azfn + fy'Afn + fnfy
. A d 4 0 + 0
since A= y 3y fn 3y

ox

Using the Taylor’s series of the function of three variables (definition 1.6.8) we have from (2.11),
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2 , 1
ko = fo+ (eahf+ Gy + ankfy +5bukafy )
1

7 b11k1)fxy' + (heyyn + a11k1)2fyy

1 .
+ E [(Clh)fox + chh(hclyn + allkl)fxy + chh(

) 1 1 2
+ 2(heyyy, + aq1kq) (zb11k1>fyy’ + (z bllkl) fy’y' +

simplifying further and re-arranging the equation in powers of h gives

hZ

1 ,
> [fn +ay ki fy + eibyikafy + Ea%1k%fyy + C1Yubiikaf

h 2
ky = 2 [b11k1fyy’ + a11b11k1fyy’] +
h3
+ > [lex + Clynfy + Clynfy + Clallklfxy + C1a113’nk1fyy]

4

h , .
+ T [cffxx +2¢fYnfoy + cfynzfyy] + 0(h3)(2.15)

Equation (2.15) is implicit, which cannot be proceeded by successive substitutions, we assume a solution of k;

which may be expressed as

k, =hA +h?B, +h°C, +h*D, +O(h®) (2.16) in order to

be able to compare and evaluate coefficients of h
Substituting the values of k; of (2.16) into (2.15) expand and re-arranging in powers of h gives
h 2 3 2p )2
kl = E [bll(hAl + h Bl + h Cl)f_’y’ + allbll(hAl + h Bl) fyy']
hz 2 2 2 2
+ ? [fn + all(hAl + h Bl)fy + Clbll(hAl + h Bl)fxy’ + all(hAl) fyy
h3
+ Cyynb1q (hAl + h231)fyy’] + 2 [C1fx + Clynfy + Clall(hAl)fxy + C1a11Yn(hA1)fyy]

' , ,
+ 7 [cifur + cynfey + i fry] + 0(4°)(217)

On equating the powers of h from (2.16) and (2.17) gives
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A =0
1
Bl = Efn
1 ) 1 1
C; = > aife + clynfy +Eb11fnfy,] = EclAfn
1 272

D, = 2 [cfA*fo + biaAfuf ) + a1 fofy] (2.18)

Then
2 3 h4—
ky = 7fn + ?ClAfn + Z [Clezﬁ1 + bllAfnfy’ + allfnfy] (2.19)

In a similar manner

H, = h2M; + h3N; + h*R; + 0(h3)(2.20)

where
1
M, = Egn
1
Nl = EdlAgn
1 22
Ry = 71[diA%gn + B118gng, + 11927l (2.21)
and also
hz h3 4
Hy = > gnt ?dlAgn +o [d2A%g, + B110Gng, + @119n95] (2.22)

Substituting 2.16 and 2.20 into 2.13 and 2.14
Yn+1 = Yo +hy' — 3vs + hy,y' v))(h2M; + 3Ny + h*R;) + (wy — y, v, Hyw,)(R?B; + nCy
+ h*D,)
Expanding the brackets and re-arranging in powers of h gives
Yna1 = Yn + by + B (Wi By — y2v,My) + 1P (Wi C; — Y20, Ny = vy v M) + O(4°)

also for
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' co L 3 4 o2 1 ., 3 4 2 3
Vot :yn+EW1(h B, + h°Cy + h*D,) — Ey” vl+ﬁynwlv1(h B, + h°Cy + h*D,) | (h*M; + h°N,

+ h*R,)
Expanding the brackets and re-arranging in powers of h gives
Yni1 = Y + h(Wy By — yZvi M) + h*(w; C; — y,2v3 Ny — yowyv; By M)
+ h3(w; Dy — y,2v1Ry — YWy v B Ny — ywy v, C M;) + 0(h®)
Comparing the corresponding powers in h
1 1 1
SWifn = 53’5771911 =5

1 1 " 1 , 1
EwlclAfn - Eyn v1d1Agy — Eynynvlgn = gAfn

1,1,
Ewlfn - Eyn Ynn = fn
1 ' 1 ' 1 1 1
;WlAfn - ;ynzvldlAgn - Eynwlvlﬁl (Egn) = EAfn (2.23)
By using equation
fa fx Ja Ja , Y
= -2 gy =—"2g,=-2"7+f, g, =-2—+f, z,=—= (224
9n ¥ 9x 329z " f 9, " fy» Zn )2 (2.24)
and

Agn = Gn + ZnGn + Gny
using 2.24 into 2.23 we get the following simultaneous equations

W1+171=1

Wi Cq + Uldl = §

wy + v, =2
wic; +vdy =1 (2.25)

Equation (2.25) has four (4) with six (6) unknowns; there will not be a unique solution, we choose d, to be zero in

order to obtain a semi-implicit scheme. There will be a family of one-stage scheme.
Choosing the parameters

By solving (2.25) the following values were obtained so the equation 2.25 is satisfied and makes the
scheme semi-implicit

2 1 1

§:V1 =§:C1 =E,a11 =E,b11 =1dy=a;;,=p1=0,

wy =2,v,=0

w; =
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L Yn+hyp+oky
the scheme obtained is y,,,.; = —F—— (2.26)
1+§ynH1
and
, , 2

Yne1 = Yn T Zkl (227)
where

n? 1 1, 1 ;o1
by =S (0 + 2y + S hys + 2y, v + 1k, ) (2.27a)

W2 .
H, = 7g(xnﬂznﬂzn) (2.27b)

The schemes are semi-implicit as required, since ki is implicit and Hy is explicit.

Choosing the parameters

1 2

w;y =§,v1 =§,cl =a, =§'b11 =1,sincec; = ay; = Eb“’ w, =2,v;, =0,d, =0y,

1 1 1
= Z:but dy =ay;, = 5.311 =>f = 2

By solving (2.25) the following values were obtained so the equation 2.25 is satisfied and makes the
scheme semi-implicit
The following scheme is obtained
o1
Ynt+ hyn + §k1
Y1 =5
1+ §ynH1
and
, . 2
Yn+1 =V T Zkl
where
W 1 R, o1 1
ke =~ f(xn o h Y Syt Sk I +Zk1>
hZ

1 h, 1 , 1
Hl Z? g(xn+Zh,zn +ZZ"+ZH1'Z"+EH1)
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11I.  NUMERICAL PROBLEMS

Example 1.

Solve y”+ 2y =0,y(0) = 1,y'(0) =0,
The exact solution is given by

y(x) = cosxV2, y'(x) = —VZ sinxV2
Example 2.

Consider the equation y” = (1 + x2)y,y(0) = 1,y'(0) = 0, x€[0,0.1]

The exact solution is

y(x) = eT

IV. DISCUSSION OF RESULTS

The first example 1 is an initial valued second order
differential equation. This equation suits the scheme
(3.26) as it is a second order ordinary differential
equation of the form f( y) that is it is an autonomous
system. The results get better with decrease in step
size (h) as shown in table 1 in appendix A. 24

The table 2 in appendix A is the result obtained by
applying the schemes (3.26) to example 2 evaluated
from step size h=0.01, as it is a special case of second
order ordinary differential equation of the form
f(x,y). The result shows that the scheme performed
well as the approximate solution approaches the exact
solution better as the step size reduces to h=0.001 this
implies the smaller the value of the step size, the
better the approximated solution. This scheme
approximates the special second order differential
equation better as it is shown in table 2 in appendix
A.

V. CONCLUSION

The semi-implicit rational Runge-Kutta scheme
obtained in this research performed well in
approximating the exact solutions and the result of
the approximated solution gets better as the step size
tends to zero, as it is shown in the result from table 2
in appendix A. The scheme is convergent as well as it
is also consistent. This result implies that the scheme
does better approximation on the special second order
differential equation.
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APPENDIX A
Table 1: Solution of Example 1 at h=0.001
Exact solutions | Approximated solutions Error
H y(x) V'(®) y(x) V'(x) y V'

0.001 | 099001665 | -0.19933400 | 1.00000000 -0.00199999 | 9 98E-03 | 1.97E-01
0.002 | 0.96026596 | -0.39468800 | 1.00000000 -0.00399999 ( 3 97E-02 | 391E-01
0.003 | 091134193 | -0.58216130 | 1.00000000 -0.00599997 | 8 87E-02 | 5.76E-01
0.004 | 0.84422141 | -0.75801080 | 1.00000000 -0.007999597 [ 1.56E-01 7.5E-01
0.005 | 0.76024460 | -0.91872540 | 1.00000000 -0.00998752 | 240E-01 | 9.09E-01
0.006 | 0.66108821 | -1.06109600 | 1.00000000 -0.01199995 | 3.39E-01 1.05E00
0.007 | 0.54873208 | -1.18228010 | 1.00000000 -0.01399966 | 4.51E-01 1.17E00
0.008 | 0.42541959 | -1.27985800 | 1.00000000 -0.01599949 | 5.75E-01 1.26E00
0.009 | 0.29361288 | -1.35188130 | 1.00000000 -0.01799927 | 7.06E-01 1.33E00
0.010 | 0.99001665 | -0.19933400 | 1.00000000 -0.01959959 | 9 98E-03 1.79E-01
0.020 | 096026596 | -0.39468800 | 1.00000000 -0.03999200 | 397E-02 | 3.55E-01
0.030 | 091134193 | -0.58216130 | 1.00000000 -0.05997302 | 887E-02 | 5.22E-01
0.040 | 0.84422141 | -0.75801080 | 1.00000010 -0.07993605 | 1.56E-01 | 6.73E-01
0.050 | 0.76024460 | -0.91872540 | 1.00000020 -0.09987515 | 240E-01 | 8.19E-01
0.060 | 0.66108821 | -1.06109600 | 1.00000040 -0.11978440 | 339E-01 | 941E-01
0.070 | 0.54873208 | -1.18228010 | 1.00000080 -0.13965780 | 451E-01 1.04E00
0.080 | 0.42541959 | -1.27985800 | 1.00000140 -0.15948960 | 5.75E-01 1.12E00
0.090 | 0.29361288 | -1.35188130 | 1.00000220 -0.17927390 | 7.06E-01 1.17E00
0.100 | 0.15594369 | -1.39691200 | 1.00000330 -0.19900450 | §.44E-01 1.20E00
0.200 | 096026596 | -0.39468800 | 1.00053700 -0.39215690 | 4.02E-02 | 2.53E-03
0.300 | 091134193 | -0.58216130 | 1.00274900 -0.57416270 | 9.14E-02 | 7.80E-03
0.400 | 084422141 | -0.75801080 | 1.00884500 -0.74074070 | 1.65E-01 1.73E-02
0.500 | 0.76024460 | -0.91872540 | 1.02222200 -0.58888890 | 262E-01 | 2.93E-02
0.600 | 0.66108821 | -1.06109600 | 1.04817100 -1.01694900 | 3.87E-01 | 441E-02
0.700 | 0.54873208 | -1.18228010 | 1.095347100 -1.12449800 | 547E-01 | 5.78E-02
0.800 | 042541959 | -1.27985800 | 1.18040900 -1.21212100 | 7.55E-01 | 6.77E-02
0.900 | 0.29361288 | -1.35188130 | 1.33833800 -1.28113900 | 1.04E00 | 7.07E-02
1.000 | 0.15594369 | -1.39691200 | 1.66666700 -1.33333300 | 1.51E00 6.36E-02
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Table 2: Solution to Example 2 at h=0.001

Exact Solutions | Approximated Solufions Error
H y(x) V'(x) y(x) V'(x) v v
0.001 | 1.00000050 | 0.00100000 | 1.00000000 | 0.00100000 | 5.00E-07 | 0.00E00
0.002 | 1.00000200 | 0.00200000 | 1.00000100 0.00200000 | 1.00E-06 | 0.00E0O0
0.003 | 1.00000450 | 0.00300001 | 1.00000100 | 0.00300000 | 3.50E-06 | 1.00E-09
0.004 | 1.00000800 | 0.00400003 | 1.00000300 | 0.00400003 | 5.00E-06 | 0.00E00
0.005 | 1.00001250 | 0.00500006 | 1.00000400 0.00500006 | 8 50E-06 | 0.00E00
0.006 | 1.00001800 | 0.00600011 | 1.00000600 | 0.00600011 | 1.20E-05 | 0.00E00
0.007 | 1.00002450 | 0.00700017 | 1.00000800 | 0.00700017 | 1.65E-05 | 0.00E00
0.008 | 1.00003200 | 0.00800026 | 1.00001100 | 0.00800026 | 2.10E-05 | 0.00E00
0.009 | 1.00004050 | 0.00900037 | 1.00001400 | 0.00900037 | 2.65E-05 | 0.00E00
0.010 | 1.00000050 | 0.00100000 | 1.00001700 0.01000050 | 1.65E-05 | 9.00E-03
0.020 | 1.00000200 | 0.00200000 | 1.00006700 | 0.02000400 | 6.50E-05 | 1.80E-02
0.030 | 1.00000450 | 0.00300001 | 1.00015000 | 0.03001351 | 1.46E-04 | 2.70E-02
0.040 | 1.00000800 | 0.00400003 1.00026700 0.04003202 | 2. 60E-04 | 3.60E-02
0.050 | 1.00001250 | 0.00500006 | 1.00041800 | 0.05006256 | 4.06E-04 | 4.51E-02
0.060 | 1.00001800 | 0.00600011 | 1.00060200 | 0.06010815 | 5.84E-04 | 541E-02
0.070 | 1.00002450 | 0.00700017 | 1.00082000 | 0.07017181 | 7.96E-04 | 6.32E-02
0.080 | 1.00003200 | 0.00800026 | 1.00107200 | 0.08025661 | 1.04E-03 | 7.23E-02
0.090 | 1.00004050 | 0.00900037 | 1.00135900 | 0.09036561 | 1.32E-03 | 8.14E-02
0.100 | 1.00005000 | 0.01000050 | 1.00501900 | 0.10050190 | 497E-03 | 9.05E-02
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