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Abstract— Effects of Navier Slip and Newtonian Heating
on steady magnetohydrodynamic reacting convective flow
over a vertical surface are considered in this paper.
Similarity transformation technique is applied to
transform the partial differential equations to coupled
non-linear ordinary differential equations corresponding
to momentum and energy equations. The corresponding
coupled non-linear ordinary differential equations are
solved numerically using shooting method along with
fourth-order Runge-Kutta scheme. The results are
presented in tables and graphs. The velocity and
temperature of the flow increase with an increase in both
local slip parameter and local Biot number.

Keywords— Navier slip, Newtonian heating, Steady,
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. INTRODUCTION

The field of magnetohydrodynamics has caught the attention and
interest of many scholars and researchers in Science,
Engineering and Medicine ever since its discovery in 1918. Its
practical applications are found in the design of fusion reactors,
dispersion of metals, metallurgy, MHD pumps, MHD generator,
MHD flow meter etc. So many reviews on this area of interest
have been made by many researchers such as Makinde (2011)
who studied the combined effects of Navier slip and Newtonian
heating on an unsteady hydromagnetic boundary layer stagnation
point flow towards a flat plate in the presence of magnetic field.
It was observed in his result that the thermal boundary layer
thickens with a rise in the flow unsteadiness and as Newtonian
heating intensifies, while the local skin friction and the rate of
heat transfer at the plate surface change significantly due to the
slip parameter. Bhattacharyya Mukhopahyay, and Layek (2011)
studied magnetohydrodynamic (MHD) boundary layer flow and
heat transfer over a flat plate with slip condition at the boundary.
They centered their study on steady two-dimensional laminar
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flow of an electrically conducting viscous incompressible fluid
and heat transfer over a flat plate in the presence of transverse
magnetic field. Their result showed that the increase of magnetic
and slip parameters reduces the boundary layer thickness and
also enhances the heat transfer from the plate. The effects of
Arrhenius kinetics on hydromagnetic free convective flow of an
electrically conducting fluid past a vertical stretching sheet kept
at constant temperature with viscous dissipation was studied by
Omowaye and Koriko (2014). In their findings, it was shown
that the velocity and temperature increase as local Eckert
number increases. In a recent research, Hafidzuddin, Nazar,
Arifin, and (2015) examined steady laminar boundary layer flow
and heat transfer over a permeable exponentially stretching or
shrinking sheet with generalized slip velocity. Their findings
revealed that the introduction of generalized slip boundary
condition resulted in the reduction of the local skin friction
coefficient and local Nusselt number. The effects of magnetic
field, thermal radiation and viscous dissipation on transient
magnetohydrodynamic  (MHD) flow of non-Newtonian
incompressible fluid obeying EyringPowell model in a porous
medium was studied by Oyelami and Dada (2016). The results
obtained showed that a rise in thermal Grashof number (Gr) and
modified Grashof number (Gm) caused velocity to increase
whereas velocity decreases with increase in Prandtl number (Pr).
Also that an increase in Prandtl number (Pr) and magnetic
parameter (M) causes an increase in temperature.

Arshad, llyas, and Sharidan (2015) considered the effects of
Newtonian heating and mass transfer on magnetohydrodynamic
(MHD) free convection flow over a vertical plate that applies
arbitrary shear stress to the fluid. Their findings showed that
increase in the magnetic term causes a velocity reduction and an
increase in the Newtonian heating causes an increase in velocity.
Ramzan, Faroog, Alsaed, and Hayat,(2013) in their investigation
studied the effects of Newtonian heating on the
magnetohydrodynamic (MHD) three-dimensional flow past a
stretching surface. It was discovered that temperature profile
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increases with an increase in the Eckert number (Ec).Winifred
and Makinde (2013) studied combined effects of Buoyancy
force and Navier slip on MHD flow of a nanofluid over a
convectively heated vertical porous plate. They considered
steady laminar incompressible two-dimensional MHD boundary
layer flow of an electrically conducting water-based nanofluid
past a convectively heated porous vertical semi-infinite flat plate
under combined effects of buoyancy forces and Navier slip. It
was found that (i) the fluid velocity increases with increase in
the slip parameter, (ii) Magnetic parameter causes a decrease in
the fluid velocity, (iii) Grashof and Eckert numbers cause a
decrease in the velocity profile, and (iv) increase in the intensity
of Newtonian heating and Eckert number causes an increase in
the temperature of the fluid. In a recent research carried out by
Fagbade Falodun, Omowaye (2018) on MHD natural convection
flow of viscoelastic fluid over an accelerating permeable surface
with thermal radiation and heat source or sink, it was revealed
that an increase in the parameter of the flow produces significant
increase in the fluid temperature.

Yahaya (2016) studied steady MHD boundary-layer slip flow
and heat transfer of nanofluid over a convectively heated non-
linear permeable sheet. A two-dimensional steady boundary
layer flow of nanofluid over a non-linear permeable stretching
sheet with partial slip was considered. With some necessary
assumptions, the coupled non-linear higher order ordinary
differential equations obtained were solved, the results of which
revealed that increase in Biot number increases the
dimensionless temperature profile. Recently, Makinde and
Animasaun (2016) considered the effects of magnetic field,
nonlinear thermal radiation and homogeneous-heterogeneous
quartic autocatalysis chemical reaction on an electrically
conducting aluminia-water nanofluid containing gyrotactic
microorganism over an upper horizontal surface of a paraboloid
revolution. They considered a steady two-dimensional 36nm
spherical aluminia-water nanofluid flow past an upper horizontal
surface of a paraboloid revolution. Necessary assumptions were
made. The transformed governing equations were solved
numerically using Runge-Kutta fourth order method along with
shooting technique and it was discovered that local heat transfer
rate was smaller at high values of temperature parameter.
Rushikumar and Gangadhar (2012) studied the influence of the
heat and mass transfer characteristics of a two-dimensional
steady laminar free convective flow of a viscous incompressible
fluid between two parallel porous walls. The dimensionless
governing equations gotten were solved numerically using the
fourth-order Runge-Kutta method with shooting technique. It
was found that velocity component decreases with an increase of
magnetic field parameter (M) and the Prandtl number (Pr). Also,
it was discovered that an increase in Grashof number (Gr)
causes an increase in the velocity profile and that temperature
component increases with an increase in Magnetic parameter.
Anuradha and Priyadharshini (2014) studied unsteady free
convective MHD flow of a viscous fluid past a semi-infinite
vertically moving porous plate embedded in a porous medium.
Makinde and Ibrahim (2015) investigated the MHD chemically
reacting viscous fluid flow towards a vertical surface with slip
and convective boundary condition. It was established that (i)
the magnetic field strength increases the flow of fluid towards
the surface, (ii) the Grashof number has positive influence on the
flow field, and (iii) the rate of heat transfer diminishes with
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increasing Grashof, magnetic and Prandtl numbers. Chand and
Jat (2014) studied the effects of viscous dissipation and radiation
on steady flow of electrically conducting fluid through a porous
stretching surface. The expressions of the velocity and
temperature were found with classical Runge-kutta fourth-order
scheme. Mathews and Hills (2008) investigated numerically the
effect of slip on momentum boundary layer thickness on a flat
plate. The combined effects of Hall current and wall slip on
steady MHD flow of a visco-elastic fluid past an infinite vertical
porous plate through a porous medium was investigated by
Kumar and Chand (2011).

The main goal of this work is to determine the combined
effects of Navier slip and Newtonian heating on steady
magnetohydromagnetic reacting convective flow over a vertical
surface. Subsequently, the governing partial differential
equations of the flow are transformed into ordinary differential
equations using appropriate similarity variables which are later
solved numerically using the shooting method along with fourth
order Runge-Kutta scheme. Conclusively, the results are
presented in tables and graphs. The discussion of which is
accompanied with some concluding remarks.

1. MATHEMATICAL MODEL

We consider a steady two-dimensional flow of a viscous
incompressible flowing along a vertical plate at constant
temperature under Arrhenius kinetics. As indicated in figure 1
below. We assumed that: (i) the flow is in the x direction along
the plate to which the y axis is perpendicular. (ii) a uniform
strong magnetic field fo is applied normal to the flow. (iii) the
flow is not influenced by any external field due to polarization of
charges and Hall effect; hence, the electrical field is considered
to be negligible although there is heat generation due to viscous
dissipation. Also, the assumption of no slip condition on the
flow is not valid rather the flow is under the influence of Navier

slip and Newtonian heating.
UL —
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Figure 1. The schematic diagram of the flow
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Taking into consideration the Boussinesq’s approximation, the
equations governing the flow corresponding to continuity,
momentum and energy respectively are written as follows:
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The following dimensionless variables are introduced.

The stream function y(x, y) defined by

u=W.,_ v
oy oX
(6)

The similarity variable:

n:y\/q and y = /oxU_ f(n),
X

The dimensionless temperature:
T-T
9 — o0
() T
Equation (6) automatically satisfies the continuity equation
(1). Substituting equations (6) - (8) into equations (2) - (5) and
simplifying gives

u(x,0)=U,;
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I1l. NUMERICAL COMPUTATIONS

Parameters Makinde and Olanrewaju (2010) Present work

Bi, Gr, Pr f'(0) -60) £(0) -0(0)

0.10 010 0.72 0.36881 0.07507 0.3688155165 0.0750771620
1.00 0.10 0.72 0.44036 0.23750 0.4403655505 0.2375063513
10.00 0.10 0.72 0.46792 0.30559 0.467928111 9 0.3055966349
0.10 0.50 0.72 0.49702 0.07613 0.4970221547 0.0761377481
0.10 1.00 0.72 0.63200 0.07704 0.6320070939 0.0770448466
0.10 0.10 3.00 0.34939 0.08304 0.3493973478 0.0830459872
0.10 0.10 7.10 0.34270 0.08672 0.3427051907 0.0867211669

The set of nonlinear coupled ordinary differential equations
(9) and (10) governing the flow of the fluid under the
boundary conditions (11) and (12) are numerically solved
using Runge-Kutta fourth order scheme alongside with
shooting method. The step size of 0.01 is used for the
numerical computation with 10-place decimal accuracy as the
criterion of convergence. The results are presented in tables
and figures. Verifying the accuracy of this present work, a
direct comparison of the result obtained is done with the result
obtained by Makinde and Olanrewaju [10] and this is shown
in table 1.

Table 1: Computations showing comparisons of values of
-6'(0) and C;s for Bix, Grand Pr when

M =Ec=Ec, =¢=5=D=0.
IV. RESULTS AND DISCUSSIONS

The problem of Navier slip and Newtonian heating on steady
magnetohydrodynamic reacting convective flow over a
vertical plate has been carried out in this work. Numerical
computations for the nonlinear coupled ordinary differential
equations governing the flow for different values of the
parameters employing the numerical method were discussed in
section I1l. In this section, discussions on the effects of the
controlling parameters on the flow are presented. Meanwhile,
all through the computations, the various parameters
controlling the flow such as Eckert number (Ec), local Eckert
number (Ecy), Magnetic parameter (M), local Biot number
(Biy), Slip parameter (D), among others, were varied at
intervals for both velocity and temperature profiles. Figure 2
shows the velocity profiles for various values of local Grashof
number (Gry). An increase in (Gryx) causes the velocity to
increase which shows that buoyancy force assists the flow and
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this is in agreement with what Omowaye and Koriko (2014)
obtained. Figure 3 shows the influence of magnetic parameter
on the velocity distribution. The application of magnetic field
to an electrically conducting fluid gives rise to a force called
Lorentz force (resistance force) that causes retardation in the
motion of the fluid hence reducing the velocity. The retarding
force (Lorentz force) can be used to control the velocity of the
flow. The influence of dissipation parameter, Ec, on the
velocity profiles is presented in figure 4. It is observed that
increase in Eckert number (Ec) encourages heat storage which
in turn increases the kinetic energy of the fluid molecules; the
effect of which causes an increase in the velocity of the fluid.
Figure 5 illustrates the effect of Prandtl number (Pr) on the
temperature profiles. It is observed that increase in Pr causes a
decrease in temperature of the fluid. This is so because small
value of Prandtl number (Pr) increases the thermal
conductivity of the fluid. Hence, the larger the Prandtl number
(Pr), the lesser the thermal conductivity of the fluid becomes.
The effect of Eckert number (Ec) on the temperature profile is
shown in figure 6. It is noticed that as Eckert number (Ec)
increases, the temperature increases. With the increase in
Eckert number, heat energy is stored in the fluid due to the
frictional drag. This is also in agreement with what Ramzan et
al. [7] obtained. The influence of Magnetic field parameter
(M) on temperature is shown in figure 7. It is observed that as
the magnetic parameter increases so is the temperature of the
fluid on the increase. Increase in M causes the temperature of
the fluid to increase because the introduction of magnetic field
to an electrically conducting fluid will give rise to Lorentz
force which will oppose the motion of the fluid. Hence, the
kinetic energy of the molecules of the fluid will be converted
to heat energy in an irreversible process of viscous dissipation
and this will give rise to temperature increase. Figure 8 shows
that increase in Prandtl number (Pr) causes a decrease in the
velocity of the flow. The increase in the Prandtl number is
responsible for increase in the viscosity of the fluid which in
turn opposes the motion of the fluid. Figure 9 shows that as
the slip parameter (D) increases, so does the fluid velocity.
This is because due to the slip condition at the plate, the
velocity of the fluid adjacent to the plate permits more fluid to
slip past the surface; hence, the flow accelerates for distances
close to the surface. This is consistent with the fact that higher
D means an increase in lubrication and slipperiness of the
surface. In figure 10, the effect of slip parameter is illustrated
on temperature. It is observed that an increase in the slip
parameter causes a decrease in the temperature profiles of the
flow. The presence of slip condition on the surface enables
more fluid to flow past it. Hence, fluid molecules move more
freely and there will be less viscous dissipation which can give
rise to temperature rise. In figure 11, it is observed that an
increase in the Newtonian heating parameter (Bix) increases
the fluid velocity. This is because the local Biot number (Bix)
enhances heat conduction resistance in the solid body. Hence,
heat convection takes place between the body and the fluid.
The transferred heat weakens the cohesive forces among the
fluid’s molecules and this allows them to move faster. Figure
12 shows that an increase in the Newtonian heating causes a
temperature rise in the fluid. Biot number increases thermal
conductivity of the fluid which will enable the fluid to absorb
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more heat from the plate and this in turn will increase the
temperature of the fluid.
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Figure 2: Velocity profiles at varied Gry when
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Figure 3: Velocity profiles at varied M when
Pr=0.72,Ec=Ec, =0.01,¢=0.20,5 = 0.03, D = 0.10, Bi, =0.10,Gr, =0.30
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Figure 4: Velocity profiles at varied Ec when
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Figure 7: Temperature profiles at varied M when
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Figure 11: Velocity profiles at varied Biy when
Gr,=0.30,M =Ec=Ec, =0.01,£=0.20,6 =0.03,D =0.10,Pr=0.72
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Figure 12: Temperature profiles at varied Bix when
Gr, =0.30,M =Ec=Ec, =0.01,6 =0.20,6 =0.03,D =0.10,Pr=0.72

VI. CONCLUSION

The effects of Navier slip and Newtonian heating on steady
magnetohydrodynamic reacting convective flow over a
vertical plate have been investigated. The concepts of Navier
slip and Newtonian heating are examined and analyzed. The
solutions of the coupled non-linear ordinary differential
equations are computed using the fourth order Runge-Kutta
scheme together with shooting method. The increasing effects
of both the slip parameter and Biot number are felt as they
both have increasing effects on both velocity and temperature
of the fluid.
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